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FINITENESS OF LOGARITHMIC CRYSTALLINE REPRESENTATIONS
RAJU KRISHNAMOORTHY, JINBANG YANG, AND KANG ZUO
Abstract. LetK be an unramified p-adic local field and letW be the ring of integers ofK. Let (X, S)/W be
a smooth proper scheme together with a normal crossings divisor. We show that there are only finitely many
log crystalline Zpf -local systems over XK \ SK of given rank and with geometrically absolutely irreducible
residual representation, up to twisting by a character. The proof uses p-adic nonabelian Hodge theory and
a finiteness result due Abe/Lafforgue.
1. Introduction
To state our main theorem, the following setup will be convenient.
Setup 1.1. Let p be an odd prime, let f ≥ 1 be a postive integer, and let k be a finite field containing
Fpf . Let W = W (k) be the ring of Witt vectors and set K = Frac(W ). Let (X,S)/W be a smooth proper
scheme together with a relative normal crossings divisor over W . Denote by U = X \ S and by UK the rigid
analytification of UK = U ×SpecW SpecK.
Theorem 1.2. Notation as in Setup 1.1, and fix a positive integer r ≤ p − 2. Then there are only finitely
many isomorphism classes of logarithmic crystalline representations ρ : π1(UK)→ GLr(Zpf ) whose residual
representation is geometrically absolutely irreducible, up to twisting by a character of Gal(K¯/K).
For clarity, the statement that the residual representation of ρ is geometrically absolutely irreducible
means that the composite representation
ρ : π1(UK¯)→ π1(U)→ GLr(Zpf )→ GLr(Fpf )→ GLr(F¯p)
of the geometric fundamental group is irreducible. Crystalline representations are a p-adic analog of polarized
variations of Hodge structures. Therefore Theorem 1.2 is an arithmetic analog of a theorem of Deligne [Del87].
See also the very recent work of Litt for a finiteness result in a different spirit [Lit18].
The proof of Theorem 1.2 implicitly relies on the work of Abe on a global p-adic Langlands correspondence
for smooth curves over finite fields, which itself follows the work of Lafforgue on the l-adic global Langlands
correspondence for smooth curves over finite fields. We now describe the sections of this note.
• In Section 2, we explain the preliminary material.
• In Section 3, we prove Theorem 1.2 by reducing it to a statement about Higgs-de Rham flows.
• In Section 4, we show that Theorem 1.2 is false if k ∼= Fp in Setup 1.1.
• In Section 5, we speculate on a uniform upper bound of the number of crystalline representations.
2. Preliminaries
We briefly describe the main players, with notation as in Setup 1.1. Recall that a logarithmic Fontaine-
Faltings module over (X,S) is quadruple (V,∇,Fil,Φ), where
• V is a vector bundle on X ;
• ∇ : V → V ⊗ Ω1X/W (logS) is an integrable connection on X with logarithmic poles along S;
• Fil is a filtration of V by subbundles that is locally split and satisfies Griffith transversality; and
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• Φ is a strongly divisible Frobenius structure that is horizontal with respect to ∇.
There are several perspectives on the Φ-structure. The original perspective, proposed by Faltings, is to
work locally: one defines a strongly divisible Φ structure on (V,∇,Fil) over a small affine, whose p-adic
completion admits a Frobenius lift, and then one glues [Fal89]. A second view, via nonabelian Hodge theory,
only works when the level of (V,∇,Fil,Φ) is no greater than p − 2, but it is a global description. The key
to this perspective is the p-adic inverse Cartier transform defined by Lan-Sheng-Zuo [LSZ19]; then Φ is an
isomorphism
Φ : C−1(Gr(V ),Gr(∇), V,∇,Fil)
∼
−→ (V,∇).
Finally, by forgetting the filtration, a logarithmic Fontaine-Fontaine module yields a logarithmic F -crystal
in finite, locally free modules on the logarithmic crystalline site of (Xk, Sk)/W .
Let MF∇[0,a],f((X,S)/W ) be the category of Fontaine-Faltings modules {(V,∇,Fil,Φ, ι)} over (X,S)/W
with Hodge-Tate weights in [0, a] and endomorphism structure ι : W (Fpf ) → EndMF (V,∇,Fil,Φ). If a ≤
p − 2, then the fundamental work of Fontaine-Lafaille-Faltings constructs a fully faithful functor to the
category of GL(Zpf ) logarithmic crystalline local systems over UK and with unipotent local monodromy
around SK [Fal89].
1 Let F-Isoclognilp(Xk) be the category of convergent log-F -isocrystals on (Xk, Sk) with
nilpotent residues around Sk. Let F-Isoc
†(Uk) be the category of overconvergent F -isocrystals over Uk.
These are both Qp-linear Tannakian categories.
Recall that a convergent F -isocrystal over Uk = Xk \ Sk can be realized as an vector bundle E on UK
equipped with an integrable connection together with an isomorphism σ∗E ≃ E . By forgetting Hodge
filtration, tensoring with Qp and then restricting to UK , one obtains a functor
ψ1 : MF
∇
[0,a],f((X,S)/W )→ F-Isoc
log
nilp(Xk)Qpf .
(The notation on the right hand side refers to the Qpf -linearization of F-Isoc
log
nilp(Xk).) By a fundamental
theorem of Kedlaya, the forgetful functor
ψ2 : F-Isoc
log
nilp(Xk)→ F-Isoc
†(Uk)
is fully faithful [Ked07, Proposition 6.3.2].
For the definition of a tame F -isocrystal, see [AE19, 1.2]; in our case, an object E ∈ F-Isoc†(Uk) is
tame if E extends to a logarithmic F -isocrystal on (Xk, Sk). (In particular, there is no condition on the
residues around Sk.) The following fundamental theorem follows from work of Abe and Lafforgue and is a
consequence of the Langlands correspondence [Abe18, Laf02].
Theorem 2.1. Let k be a finite field of characteristic p, let Uk be a smooth curve over k. Then there are
finitely many isomorphism classes of irreducible tame objects of F-Isoc†(Uk)Qp of bounded rank, up to twists
by rank 1 objects. As a consequence, if L/Qp is a finite extension, then there are finitely many isomorphism
classes of irreducible tame objects of F-Isoc†(Uk)L with finite order determinant.
3. The proof
For any non-negative integer a ≤ p−2, the category of logarthmic crystalline representations with Hodge-
Tate weights in [0, a] is equivalent to the category of logarithmic Fontaine-Faltings modules of level ≤ a via
Faltings’ D-functor. To prove Theorem 1.2, we first use a Lefschetz-style theorem to reduce to the curve
case.
1The nilpotence of the residues of the connection may be seen as follows: the Higgs field is nilpotent and the de Rham
bundle comes from inverse Cartier transform.
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Lemma 3.1. Notation as in Setup 1.1. Then there exists a smooth projective relative curve C ⊂ X over
W that intersects S transversely, with the property that π1(CK ∩UK)→ π1(UK) is surjective. Therefore, to
prove Theorem 1.2, it suffices to consider the case when X/W has relative dimension 1.
Proof. We claim that there exists a smooth ample relative divisor D ⊂ X over W that intersects S trans-
versely. Indeed, pick some ample line bundle L onX ; then for allm≫ 0, the mapH0(X,Lm)→ H0(X1, L
m
1 )
is surjective. On the other hand, for m≫ 0, the vector space H0(X1, L
m
1 ) has a section s1 whose zero locus
V (s1) is smooth and intersects S1 transversely by Poonen’s Bertini theorem [Poo04, Theorem 1.3]. Take any
lift s ∈ H0(X,Lm) of s1; then the zero locus V (s) is smooth overW and intersects S transversely. Finally, it
is well known that the map on fundamental groups π1(DK ∩UK)→ π1(UK) is surjective because DK ⊂ XK
is ample and DK intersects SK transversely (see [EK16]). Proceed by induction.
Now, as π1(CK ∩UK)→ π1(UK) is surjective, it follows that to prove Theorem 1.2, it suffices to prove it
for the pair (C, S ∩ C), i.e., we may reduce to the case of curves. 
We must now translate the property that the residual representation of ρ is geometrically absolutely
irreducible into a property about the objects of the associated Higgs-de Rham flow. This is accomplished by
the following lemma.
Lemma 3.2. Notation as in Setup 1.1 and assume X/W is a smooth curve. Let {(V,∇,Fil,Φ, ι)1} be a
logarithmic Fontaine-Faltings module over (X,S)1/k with Hodge-Tate weights in [0, p−2] and endomorphism
structure ι : Fpf → EndMF ((V,∇,Fil,Φ)1). Suppose the associated crystalline representation ρ1 : π
et
1 (XK)→
GLr(Fpf ) is geometrically absolutely irreducible, i.e., the composite representation
ρ : π1(XK¯)→ GLr(F¯p)
is irreducible. Let
(3.2.1) (V,∇,Fil)
(0)
1
%%▲▲
▲▲
▲▲
▲▲
▲▲
(V,∇,Fil)
(1)
1
%%▲▲
▲▲
▲▲
▲▲
▲▲
· · ·
(E, θ)
(0)
1
99rrrrrrrrrr
(E, θ)
(1)
1
99rrrrrrrrrr
(E, θ)
(2)
1
<<②②②②②②②②②
be the f -periodic Higgs-de Rham flow associated to {(V,∇,Fil,Φ, ι)1}. Then (V,∇)
(i)
1 and (E, θ)
(i)
1 are all
stable.
Proof. When f = 1, this is [LSZ19, Corollary 7.3], but for completeness sake we write a proof. We first
prove that (E, θ) is semistable and has vanishing rational Chern classes. This argument does not assume
that X/W is a curve.
In the case that S is empty, then as (E, θ)
(0)
1 is periodic, it follows immediately from [LSZ19, Theorem
6.6] that (E, θ)
(0)
1 is semistable with vanishing rational Chern classes. The same arguments works in the
logarithmic case. Indeed, the Chern classes of all bundles in the flow rationally vanish: the key is that the
inverse Cartier is locally a Frobenius pullback, and that the residues of (V,∇)
(0)
1 are nilpotent. In particular,
the slope of (E, θ)
(0)
1 vanishes. Then, exactly as in [LSZ19, Theorem 6.6], one shows that a slope λ Higgs
subsheaf of (E, θ)
(0)
1 gives rise to a slope pλ Higgs subsheaf of (E, θ)
(1)
1 . In particular, (E, θ)
(0)
1 contains no
Higgs subsheaf of positive slope; therefore (E, θ)
(0)
1 is semistable with vanishing Chern classes.
Next, note that (E, θ)
(0)
1 is stable if and only if (V,∇)
(0)
1
∼= C−1(E, θ)
(0)
1 is stable.
We now assume that X/W is a curve. Let us show that (E, θ)
(0)
1 is stable (the proof for other terms
is precisely analogous). Suppose that (E, θ)
(0)
1 is not stable. Then there is a proper Higgs subbundle
(E, θ)
′(0)
1 ⊂ (E, θ)
(0)
1 of slope 0; note that (E, θ)
′(0)
1 is automatically semistable. By running the Higgs-de
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Rham flow starting with (E, θ)
′(0)
1 (using the induced filtration), one obtains a sub Higgs-de Rham flow
(3.2.2) (V,∇,Fil)
′(0)
1
&&▲▲
▲▲
▲▲
▲▲
▲▲
(V,∇,Fil)
′(1)
1
&&▲▲
▲▲
▲▲
▲▲
▲▲
· · ·
(E, θ)
′(0)
1
88rrrrrrrrrr
(E, θ)
′(1)
1
88rrrrrrrrrr
(E, θ)
′(2)
1
<<①①①①①①①①①
The initial bundle E
′(0)
1 has vanishing rational first Chern class. Therefore the same is true every bundle
in Equation 3.2.2. There are only finitely many vector subbundles of E
(0)
1 with vanishing degree because k
is a finite field. Therefore Equation 3.2.2 in fact initiates a preperiodic Higgs-de Rham flow. The periodic
part of Equation 3.2.2 forms an f ′-periodic sub Higgs-de Rham flow of (3.2.1). (Note that f | f ′ and f ′
may be not equal to f .) Using the equivalence of logarithmic periodic Higgs-de Rham flows and logarithmic
Fontaine-Faltings modules [LSYZ19, Theorem 1.1], together with the equivalence of logarithmic Fontaine-
Faltings modules and torsion crystalline representations [Fal89, Theorem 2.6*, p. 41, i], one deduces that
the periodic part of Equation 3.2.2 induces a representation
ρ′ : π1(XK(ζ
pf
′
−1
))→ GLs(Fpf′ )
where s = rankE
′(0)
1 and ζpf′−1 a primitive (p
f ′ − 1)-th root of unity. The inclusion map between these two
periodic Higgs de Rham flows induces an inclusion of representations
ρ′ →֒ ρ |π1(XK(ζ
pf
′
−1
))
In particular one gets a proper sub-representation of ρ. This contradicts the irreducibility of ρ. 
Definition-Construction 3.3. Notation as in Setup 1.1. Letm0, · · · ,mf−1 ∈ Z. Define Lλ(k0, k1, · · · , kf−1)
to be the following flow over one point Spec(W )
(3.3.1) (W,Fil0)
##❍
❍❍
❍❍
❍❍
❍
(W,Fil1)
##❍
❍❍
❍❍
❍❍
❍
· · ·
  ❇
❇❇
❇❇
❇❇
❇
W
;;✈✈✈✈✈✈✈✈
W
;;✈✈✈✈✈✈✈✈
W
>>⑤⑤⑤⑤⑤⑤⑤⑤
W
ϕ=λ
kk
where Filmii W =W and Fil
mi+1
i W = 0.
The data of Lλ(m0,m1, · · · ,mf−1) is equivalent to a rank 1 filtered ϕ
f -module over W , a.k.a. a filtered
ϕ-module of rank f over W equipped with an endomorphism structure of Zpf . By the Fontaine-Lafaille
correspondence, this corresponds to a crystalline character Gal(K/K)→ GL1(Zpf ).
Therefore, using Lemma Lemma 3.1 and 3.2, to prove Theorem 1.2, it suffices to prove the following.
Theorem 3.4. Notation as in Setup 1.1, with X/W a curve, and fix r ≤ p− 2. Then there are only finitely
many isomorphism classes of f -periodic Higgs-de Rham flow over (X,S)/W of rank r such that the reduction
modulo p of terms appeared in the flow are stable, up to twisting by a rank 1 filtered ϕf -module over W .
To prove Theorem 3.4, we first record the following lemma, which follows immediately from [Lan14,
Theorem 5.4].
Lemma 3.5. Notation as in Setup 1.1. Let (V,∇) and (V,∇)′ be logarithmic flat connections over (X,S)
that each have stable reduction modulo p. If (V,∇)Q and (V,∇)
′
Q are isomorphic on XQ, then (V,∇) and
(V,∇)′ are isomorphic as logarithmic flat connections on (X,S). Moreover, if f : (V,∇) → (V,∇)′ is a
morphism of logarithmic flat connections that is an isomorphism modulo p, then f is an isomorphism.
FINITENESS OF LOGARITHMIC CRYSTALLINE REPRESENTATIONS 5
We recall the following lemma, which is due independently to Lan-Sheng-Zuo [LSZ19, Lemma 7.1] and
Langer [Lan14, Corollary 5.6].
Lemma 3.6. Let (Y,D) be a smooth projective variety together with a simply normal crossings divisor over
an algebraically closed field k and let (V,∇) be a logarithmic flat bundle over (Y,D). If there exists a Griffiths
transverse filtration Fil on (V,∇) such that the associated graded logarithmic Higgs module (E, θ) is Higgs
stable, then Fil is unique up to a shift of index.
Lemma 3.7. Notation as in Setup 1.1. Let {(V,∇,Fil,Φ, ι)} and {(V,∇,Fil,Φ, ι)′} be two logarithmic
Fontaine-Faltings modules over (X,S)/W with Hodge-Tate weights in [0, p− 2] and endomorphism structure
of Zpf . Let
(3.7.1) (V,∇,Fil)(0)
&&▲▲
▲▲
▲▲
▲▲
▲▲
(V,∇,Fil)(1)
&&▲▲
▲▲
▲▲
▲▲
▲▲
· · ·
##❋
❋❋
❋❋
❋❋
❋❋
(E, θ)(0)
88rrrrrrrrrr
(E, θ)(1)
88rrrrrrrrrr
(E, θ)(2)
;;①①①①①①①①①
(E, θ)(f)
ϕ
ll
be the f -periodic Higgs-de Rham flow associated to {(V,∇,Fil,Φ, ι)} and
(3.7.2) (V,∇,Fil)′(0)
&&▼▼
▼▼
▼▼
▼▼
▼▼
(V,∇,Fil)′(1)
&&▼▼
▼▼
▼▼
▼▼
▼▼
· · ·
##●
●●
●●
●●
●●
(E, θ)′(0)
88qqqqqqqqqq
(E, θ)′(1)
88qqqqqqqqqq
(E, θ)′(2)
;;✇✇✇✇✇✇✇✇✇
(E, θ)′(f)
ϕ′
ll
be the f -periodic Higgs-de Rham flow associated to {(V,∇,Fil,Φ, ι)′}. Assume the reduction modulo p of all
terms in the two flows are stable and assume there exists a morphism of de Rham bundle
g(0) : (V,∇)(0) → (V,∇)′(0)
whose reduction modulo p is nontrivial. Then g(0) is an isomorphism and there exists unique isomorphisms,
up to scale, of de Rham bundles
g(i) : (V,∇)(i) → (V ′,∇′)(i) for all i = 0, 1, · · · , f − 1.
Moreover, under these isomorphisms the Hodge filtration Fil(i) coincides with Fil′(i) after a shift of index
and there exists λ ∈W× such that
ϕ = λϕ′.
Proof. After shifting the filtrations, we may assume
Fil0V (0) = V (0), Fil1V (0) 6= V (0), Fil′0V ′(0) = V ′(0), and Fil′1V ′(0) 6= V ′(0).
By Lemma 3.5, it follows that g(0) is an isomorphism and is unique up to scale. Lemma 3.6 implies that
g(0)(Fil |V (0)) (mod p) = Fil
′ |V ′(0) (mod p).
By following the proof of [LSZ19, Proposition 7.5] verbatim, one deduces that g(0)(Fil |V (0)) = Fil
′ |V ′(0) .
Then denote
g(1) := C−1 ◦Gr(g(0)).
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Since g(0) is an isomorphism, g(1) : (V,∇)(1) → (V,∇)′(1) is also an isomorphism between de Rham bundles.
By the stablility of the modulo p reductions, this isomorphism is unique up to a scale. Inductively on the
index i, one constructs isomorphisms g(2), g(3), · · · .
That the periodicity maps ϕ and ϕ′ differ by an invertible element in W follows from the stability. 
Proposition 3.8. Notation as in Lemma 3.7. Assume the reduction modulo p of all terms are stable. If the
F -isocrystals associated to (V,∇,Fil,Φ, ι) and (V,∇,Fil,Φ, ι)′ are isomorphic, then there exists an integer t
in {0, 1, · · · , f − 1} and a filtered ϕf -module L over W of rank 1 such that
(V,∇,Fil,Φ, ι) ∼= (V ′,∇′,Fil′,Φ′, σt(ι′))⊗ L
Proof. First of all, the statement that the underlying F -isocrystals are isomorphic is the statement that
(V,∇,Φ)Q ∼= (V
′,∇′,Φ′)Q in F-Isoc(Uk). After shifting the filtration, we may assume
Fil0V = V, Fil1V 6= V, Fil′0V ′ = V ′, and Fil′1V ′ 6= V ′.
Consider the composition maps
(V,∇)
(0)
Q →֒ (V,∇)Q
∼= (V,∇)′Q ։ (V,∇)
′(i)
Q .
There is at least one index i such that the composition map is not equal to zero. By shifting the index
(equivalent to changing the endomorphism structure by a conjugation σt), we may assume i = 0 and denote
the composition map by
g(0) : (V,∇)
(0)
Q → (V,∇)
′(0)
Q
Multiplying by a suitable power of p, we may assume
g(0)(V (0)) ⊂ V ′(0) and g(0)(V (0)) 6⊂ pV ′(0).
Then g(0) (mod p) is a non-trivial morphism between two stable de Rham bundles with the same slope.
Thus g(0) (mod p) is an isomorphism. By Lemma 3.7, g(0) is an isomorphism and there exist isomorphisms
g(i) : (V,∇)(i) → (V,∇)′(i)
such that, up to a shift of filtration one has
g(i)(Fil |V (i)) = Fil
′ |V ′(i) .
Now, we identify (V,∇,Fil)(i) and (V ′,∇′,Fil′)(i) via g(i). Both (V,∇)(0) and (V ′,∇′)(0) are crystals on
the logarthmic crystalline site of (Xk, Sk)/W . We may then consider both Φ
f and Φ′f as morphisms
(Frob∗)f (V,∇)(0) → (V,∇)(0)
in the category of logarithmic crystals on (Xk, Sk)/W . As stability is an open condition, the logarithmic flat
connection (V,∇)
(0)
Q is stable. As Φ
′
Q and ΦQ are isomorphisms, it follows that there exists λ ∈ W
× such
that Φ = λΦ′. Thus there exists an integer t in {0, 1, · · · , f − 1} and a filtered ϕf -module L over W of rank
1 such that
(V,∇,Fil,Φ, ι) ∼= (V ′,∇′,Fil′,Φ′, σt(ι′))⊗ L.

Proof of Theorem 3.4. Let HDF and HDF ′ be f -periodic Higgs-de Rham flows on (X,S), whose terms
modulo p are all stable. Suppose the associated F -isocrystals are isomorphic. (By [Ked07, Proposition 6.3.2],
it does not matter if we consider these as objects of F-Isoclognilp(Xk) or F-Isoc
†(Uk).) Then Proposition 3.8
implies that HDF and HDF ′ differ by a twist. On the other hand, there are only finitely many isomorphism
classes of overconvergent F -isocrystals on Uk, up to twist, by Theorem 2.1. The result follows. 
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4. Theorem 1.2 is false over k = F¯p
Let λ ∈ W with λ 6≡ 0, 1 (mod p). Let (X,S) = (P1, {0, 1,∞, λ}). Let Mλ denote the moduli space of
semi-stable graded logarithmic Higgs bundles (E, θ) of rank 2 and degree 1 over (X,S). A Higgs bundle in
this moduli space may be written as
(E, θ) = (O ⊕O(−1), θ : O
θ
−→ O(−1)⊗ Ω1X(logS)) (∗).
We attach a parabolic structure at one of the four points of D with parabolic weight (12 ,
1
2 ), so that (E, θ) is
parabolically stable and of parabolic degree zero. LetMparλ denote the moduli space of those type logarithmic
Higgs bundles with a parabolic structure at one of those four cusps. One defines an isomorphism
Mλ ≃ P
1
W (k)
by sending (E, θ) to the zero locus (θ)0 ∈ P
1. Consider the self map ϕλ,Fp = Gr ◦ C
−1
1,2 on Mλ ⊗W k ≃ P
1
k
induced by Higgs-de Rham flow (⊗OP1((1 − p)/2)). Since C
−1
1,2 is a factor of the composition, ϕλ,Fp factors
through the Frobenius map, i.e., there exists a rational function ψλ ∈ k(z) such that ϕλ,Fp(z) = ψλ(z
p).
In this note we call ψλ the Verschiebung part of the self map ϕλ,Fp . The periodic points of the self map
ϕλ,Fp are naturally corresponding to the twisted periodic Higgs-de Rham flows on (X,S)1; one forgets the
parabolic structure and simply runs a twisted Higgs-de Rham flow [SYZ17, Section 4].
Conjecturally this self map is related to the muliplication by p map on the elliptic curve
Cλ : y
2 = x(x− 1)(x− λ).
Conjecture 4.1 (Conjecture 5.8 in [SYZ17]). The following diagram commutes
(4.1.1) Cλ
[p]
//
π

Cλ
π

P1
ϕλ,Fp // P1
Let (E, θ)n ∈ Mλ(Wn) be a periodic Higgs bundle over (X,S)n. Consider the self map Gr ◦ C
−1 on the
deformation space Def(E,θ)n(Wn+1). Since Def(E,θ)n(Wn+1) is an A
1-torsor space, we may identify a self
map on Def(E,θ)n(Wn+1) with a self map on A
1. Under this identification, Gr ◦ C−1 is just a polynomial.
Theorem 4.2 (Sun-Yang-Zuo). Notation as above. Then
(1) There exists exactly p2f + 1 geometrically absolutely irreducible crystalline PGL2(Fpf )-local systems
on (X,S) that correspond to twisted f -periodic Higgs bundles from Mλ.
(2) Let (E, θ)n ∈ Mλ(Wn(Fqh)) be a periodic Higgs bundle over (X,S)n. Then the polynomial associated
to the self map Gr ◦ C−1 on Def(E,θ)n(Wn+1) is
A1(Fq)→ A
1(Fq), z → a · z
p + b,
where a, b ∈ Fq. Consequently if a 6= 0, then by solving the Artin-Schreier equation az
p − z + b = 0
one obtains p twisted 1-periodic liftings over Wn+1(Fqph). Moreover the constant a is the derivative
of Verschiebung part of ϕλ,Fp at the point associated to (E, θ)n |(X,S)1 . In particular the value of a
only depends on the reduction modulo p of (E, θ)n.
(3) For p ≤ 50, the Conjecture 4.1 holds. In this case, if the torsion point associated to (E, θ)n |(X,S)1
is not of order 2, then the coefficient a 6= 0 if and only if the associated elliptic curve Cλ¯ is not
supersingular.
Let π : (X ′, S′)→ (X,S) be the double cover that is ramified at the parabolic point and one other point.
Using [SYZ17, Theorem 4.6] together with Theorem 4.2, one obtains the following corollary.
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Corollary 4.3. Suppose p ≤ 50 and the elliptic curve Cλ¯ is not supersingular. Then there exists infin-
itely many log crystalline GL2(Zp) local systems on (X
′, S′)Qunrp whose residual representation is absolutely
geometrically irreducible.
We end this section with a final remark.
Remark 4.4. In view of Theorem 1.2 on finiteness if a 6= 0 then the solutions of the Artin-Schreier equation
in (2) must lie in Fqph but not in Fqh in almost all lifting steps. But, it seems difficult to prove that directly!
5. Some speculations on a uniform upper bound
In Section 4 we made an identification
Mλ ≃ P
1
by sending (E, θ) to the zero θ0 of the Higgs field θ and let π : Cλ → X be the associated double cover of
X = P1, branched along S.
Conjecture 5.1 (Sun-Yang-Zuo). A Higgs bundle in Mλ over a finite unramified extension is twisted
f -periodic if and only if π∗(θ0) is a (p
f ± 1)-torsion point in Cλ.
Conjecture 5.1 is a consequence of Conjecture 4.1. It imples that the number of P2(Zpf )-crystalline local
systems over (X,S) over finite unramified extensions of Qp is exactly p
2f + 1. Conjecture 5.1 has been
checked for the following cases.
(1) When we only work modulo p and p ≤ 50.
(2) When Cλ¯ is supersingular and p ≤ 50.
(3) For all p, when the torsion point has order 1, 2, 3, 4 and 6.
Remark 5.2. When Cλ¯ is supersingular, any GL2-crystalline local system corresponding to Higgs bundles in
Mλ(Q
ur
p ) automatically descends to a local system over a finite, unramified extensions of Qp. This contrasts
with the situation when Cλ¯ is an ordinary elliptic curve; we expect that most GL2-crystalline local systems
corresponding to Higgs bundles in Mλ(Q
ur
p ) over (X
′, S′)/Qurp do not descend to finite unramified extension
of Qp.
We end by posing a conjecture, the first part of which is in the spirit of the Fontaine-Mazur conjecture and
the second of which is analogous to a theorem of Litt [Lit18].
Conjecture 5.3. Let (X,S) be a log pair over W (Fq) with p
f | q.
(1) Let L1 and L2 be two Zpf -crystalline local systems over (X,S)/W (Fq). If L1 ≃ L2 mod p, then
L1 ≃ L2.
(2) The number of isomorphism classes GLr(Zpf )-crystalline local systems over (X,S)W (Fqh ), as we let
h range through the positive integers, is finite.
6. A brief discussion on the number of GL2(Zp)-local systems on P
1 minus four
points over a finite unramified extension of Qp and with eigenvalues -1
around one of the four puncture points.
Maintain notation as in Section 4; in particular, (X,S) = (P1, {0, 1,∞, λ}). It seems possible that all
of the local systems in Section 4 could come from families of abelian varieties of Hilbert modular type
over (X,S)/W (Fq). We also conjecture that they correspond to (p ± 1)-torsion points on the elliptic curve
Cλ/W (Fq).
In fact in a joint paper with Lu-Lv-Sun-Yang-Zuo, we have checked this conjecture for torsion-points of
orders 1, 2, 3, 4 and 6, when K is a number field. There exists exactly 26 elliptic curves of (X,S)/OK
such that the arithmetic local systems attached to those families correspond to arithmetic 1-periodic Higgs
FINITENESS OF LOGARITHMIC CRYSTALLINE REPRESENTATIONS 9
bundles from Mλ/OK and the zero locus of the Higgs fields are torsion points of order 1, 2, 3, 4 and 6. in
Cλ/OK under the pull back of π.
Via the techniques of Sections 2 and 3 together with the theory of p-to-l companions (due to Abe), one
obtains an inclusion
(6.0.1) (Mλ)
periodic →֒ Mℓ-adicλ .
Here, (Mλ)
periodic consists of those Higgs bundles in Mλ which are periodic (without specifying the peri-
odicity map) and Mℓ-adicλ is the set of equivalence classses of (geometrically) irreducible systems GL2(Q¯ℓ)
-local systems over (Xk, Sk) with prescribed local monodromy on the cusp points, up to twisting by a char-
acter on Fq. Indeed, given a p-adically periodic Higgs bundle in Mλ, we may forget the filtration to obtain
an overconvergent F -isocrystal E on Uk; moreover, this gives an injective map from the set of equivalence
classes of such Higgs bundles (without specifying the periodicity map) to the set of isomorphism classes
of (overconvergent) F -isocrystals up to twisting by a character on Fq by Proposition 3.8. Picking a field
isomorphism σ : Qp → Ql, we may take the σ-companion of E to obtain a lisse l-adic sheaf on Uk, whose
local monodromy around Sk matches with that of the F -isocrystal.
If we choose any of the four points for the parabolic structure, then we may take the associated elliptic
curve τ : (Cλ, S
′) → (X,S) over Fq to kill the -1 eigenvalues in the local monodromy. In this way we
obtain p2 + 1 GL2(Qℓ)-local systems over (Cλ, S
′)/Fq, which just corresponds to the (p ± 1)-torsion points
on Cλ/Fq.
Question 6.1. Setup as above.
(1) Can we intrinsically characterize the image of Equation 6.0.1?
(2) Is there numerical evidence for the conjecture using the trace formula? More specifically, one may
transform the question of counting GL2(Qℓ) local systems on (X1, S1) with perscribed monodromy
(in our case, eigenvalues of −1 around the parabolic point, with a non-trivial Jordan block and
principal unipotent monodromy at the other punctures) to a question about counting certain types
of automorphic forms via the Langlands correspondence. Drinfeld, and then Deligne-Flicker have a
method to compute such numbers via the trace formula and have fully worked out this number in the
case when the sheaves are supposed to have principal unipotent monodromy around each puncture
[Dri82, DF13, Fli15]. Can we see the number p2f+1 from the trace formula? Can we see the expected
group law on the zeroes of the Higgs field from (Mλ)
periodic via automorphic forms?
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